We investigate the prospect of probing the type III seesaw neutrino mass generation mechanism at various collider experiments by searching for a disappearing track signature as well as a displaced vertex originating from the decay of SU (2) L triplet fermion (Σ). Because the triplet fermion is primarily produced at colliders through the electroweak gauge interactions, its production rate is uniquely determined by its mass. Using the type III seesaw formula, we find that a Σ particle with mass of a few hundred GeV, once produced, leads to a disappearing track signature which can be probed at the LHC and high luminosity LHC while the displaced vertex signature can be probed by various proposed experiments such as MATHUSLA, LHeC, and FCC-he.
Introduction
examine the prospect of observing the displaced vertex signal from Σ ±,0 decay at MATHUSLA, LHeC, and FCC-he. Finally, we present our conclusion in Sec. 5.
The Type-III Seesaw
We consider the extension of the SM with three generation of SU (2) L triplet fermions, Σ i (i = 1, 2, 3), and their Lagrangian is given by
where D is the covariant derivative for Σ i , M Σ = m Σ diag (1, 1, 1) is the triplet fermions mass matrix assuming a degenerate mass spectrum for simplicity, Y ij Σ are the Yukawa couplings, L ≡ (ν, l) T is the left-handed SM lepton doublet, H ≡ (H 0 , H − ) T = (v + h + iη)/ √ 2, H − T and v = 246 GeV. The SU (2) L triplet fermion can be expressed in terms of its charged (Σ ± ) and charge neutral component (Σ 0 ) as
2)
and its conjugate is given by Σ c ≡ CΣ T , where C denotes the charge conjugation operator. Let us first consider the masses of the charged (Σ ± ) and charge neutral (Σ 0 ) component Σ 0,± of each triplet fermion. Although their masses are degenerate at the tree-level, radiative corrections induced by the electroweak gauge boson loops removes the degeneracy and generate mass-splitting between them. The resulting mass difference ( ∆M ) is given by [37] 
Here, α 2 = 0.034, cos 2 θ W 0.769 [40] , and the function f is defined as f (r) = r 2r 3 ln r − 2r + r 2 − 4 1/2 r 2 + 2 ln A /2, (2.4) where A = r 2 − 2 − r √ r 2 − 4 /2. We show ∆M as a function of m Σ in Fig. 1 . The dashed line denotes the π meson mass of 140 MeV.
The Yukawa coupling between H and Σ generates a mass-mixing term between Σ 0,± , ν , and L . The mixing mass matrix involving the charged fermion states (M ± ) and neutral fermion states (M 0 ) in the (l ± , Σ ± ) and (ν, Σ 0 ) basis, respectively, are expressed as
5)
where m ± and m i,j D = Y ij Σ v/ √ 2 are the Dirac type mass for the SM charged leptons and Σ, respectively. It shows that the mixings between heavy triplet and light SM states in both the neutral and charged fermion sectors are of the order m D M −1 Σ . We here focus on the mixing in the neutral sector which generates the observed neutrino masses. The Feynman diagram for the type-III seesaw is shown in Fig. 2 . The light neutrino mass matrix is generated as
We can express the neutrino flavor eigenstate (ν) as
The neutrinos mass mixing matrix U MNS diagonalizes the light neutrino mass matrix as follows:
where U MNS =   c 12 c 13 c 12 c 13 s 13 e −iδ −s 12 c 23 − c 12 s 23 s 13 e iδ c 12 c 23 − s 12 s 23 s 13 e iδ s 23 c 13 s 12 c 23 − c 12 c 23 s 13 e iδ −c 12 s 23 − s 12 c 23 s 13 e iδ c 23 c 13
Here, c ij = cos θ ij , s ij = sin θ ij , we set the Majorana phases ρ 1,2 = 0 for simplicity, and set Dirac CP -phase δ = 3π 2 [38] . The rest of the parameters are fixed to reproduce the neutrino oscillation data, for which we adopt sin 2 2θ 13 = 0.092 [39] along with sin 2 2θ 12 = 0.87, sin 2 2θ 23 = 1.0, ∆m 2 12 = m 2 2 − m 2 1 = 7.6 × 10 −5 eV 2 , and ∆m 2 23 = |m 2 3 − m 2 2 | = 2.4 × 10 −3 eV 2 [40] with three neutrino mass eigenvalues m 1,2,3 .
From Eqs. (2.6) and (2.7), the Dirac mass matrix can be parameterized as [41] 
O is a general orthogonal matrix, and we have used √ M Σ = √ m Σ diag (1, 1, 1) to obtain the last expression. We parameterize the general orthog- onal matrix O as
where the θ 1 , θ 2 , and θ 3 are complex numbers.
In the rest of the analysis, for the observed neutrino mass spectrum, we consider both the normal hierarchy (NH), m 1 < m 2 < m 3 , and the inverted hierarchy (IH), m 3 < m 1 < m 2 . Note that the observed light neturino mass spectrum is uniquely determined once we fix the lightest neutrino mass: m 1 (m 3 ) for the NH (IH).
Production and Decay Modes of Fermion Triplets
Let us discuss the the production of Σ 0,± at various collider experiments. Because Σ is a SU (2) L triplet, the distinctive feature of the type III seesaw scenario is that Σ 0,± can be produced at colliders directly through their electroweak gauge interactions. At the LHC, the singly charged (Σ ± ) are pair-produced fromfusion through s-channel Z/γ exchange as shown in the left diagram of Fig. 3 . Similarly, s-channel W ± exchange produces Σ ± and Σ 0 as shown in the middle diagram of Fig. 3 . Meanwhile, at the electron-proton (ep)-collider, Σ 0,± are produced through vector-boson fusion process as shown in the right diagram of Fig. 3 . Because all these processes only involves SM gauge interaction, their production cross section are solely determined by the heavy lepton triplet mass. Although there is no direct Σ 0 pair production process, a pair of Σ 0 s can be effectively generated from a pair production of Σ ± followed by Σ ± → Σ 0 π ± decay, where the accompanying pion π ± is very soft and undetected.
For our analysis, we generate the signal sample with MadGraph5aMC@NLO [42, 43] and evaluate the production cross section of the Σ 0,± at LHC, LHeC, and FCC-he. Our results are shown in Fig. 4 as a function of m Σ . In the left panel of Fig. 4 , we show the production cross section for the processes at the LHC with the center of mass energy √ s = 13 TeV. In the right panel of Fig. 4 , we show the production cross section for the LHeC (FCC-he) collider, where the proton beam energy is set to be 7 (50) TeV while the e − beam energy is set to be 60 GeV for both cases.
We now consider the decay of Σ ±,0 . All the representative Feynman diagrams for the decay of Σ 0 and Σ ± are shown in Fig. 5 and Fig. 6 , respectively. The partial deacay width of Σ 0 to SM Higgs (h) and gauge bosons (Z, W ± ) are given by [44] 
where α = e, µ, τ denotes different lepton flavors and
Similarly, the partial deacay width of Σ ± to SM Higgs (h) and gauge bosons (Z, W ± ) are given by [44] Γ
Because of the mass-splitting Σ ± can also decay into Σ 0 and pions or light leptons; the corre-sponding partial decay widths for the processes are given by [44] Γ 
Let us now estimate the decay length of Σ 0,± , which is given by cτ = 1/Γ ±,0 total , where Γ ±,0 total is the total decay width of Σ 0,± , respectively. We consider two cases, θ 1,2,3 = 0 and θ 1,2,3 = 0, separately. In Fig. 7 , we consider the case O = 1 (θ 1,2,3 = 0) and plot the decay length of Σ 0 as a function of lightest neutrino mass (m lightest ). The left (right) panel corresponds to the NH (IH) case. Here, the solid, dashed, and dotted lines corresponds to the decay length of Σ 0 1 (Σ 0 3 ), Σ 0 2 (Σ 0 1 ), and Σ 0 3 (Σ 0 2 ), respectively, with m lightest = m 1 (m 3 ). As mentioned earlier, when the orthogonal matrix O is a unit 3 × 3 matrix (θ 1,2,3 = 0), |R αi | 2 = m i /m Σ and hence the partial decay widths of Σ 0 i in Eq. (3.1) are independent of m Σ . We see in Fig. 7 that the decay length of Σ 0 1 (Σ 0 3 ) for NH (IH) is inversely proportional to m lightest = m 1 (m 3 ). In the limit m lightest → 0, the other light neutrino masses approach constant values, so that the other Σ 0 s decay lengths become constant. 
In Fig. 8 , for θ 1,2,3 = 0, we show the decay length of the charged fermions (Σ ± i ) as a function m lightest . The line codings are the same as Fig. 7 . In the limit m lightest → 0, the charged fermion (Σ ± ) dominantly decays into Σ 0 , hence its decay width is determined by ∆M . As shown in Fig. 1 , ∆M 170 MeV for m Σ = 500 GeV, and the decay lengths approach constant values in the limit m lightest → 0. This fact explains the observation that the decay length of charged fermions is much smaller than the neutral fermion one.
Next, we consider the case θ 1,2,3 = 0. Let us parameterize θ 1 = x 1 + iy 1 , θ 2 = x 2 + iy 2 , and θ 3 = x 3 + iy 3 . In the following we set x 1,2,3 = 0 for simplicity. In this case, cos(x i + iy i ) sin(x i + iy i ) e y i for y i 1. Hence, |R αi | 2 can be exponentially enhanced for nonzero values of y. To see this effect, we consider the charged fermion Σ ± decay in the following. Because of the exponential enhancement, the total decay width of Σ ± is dominated by its decay to W ± , Z and h. The result is shown in Fig. 9 for y 1,2,3 = 2.5 and m Σ = 500 GeV. The line codings are the same as Fig. 8 . The plot shows huge suppression of the decay length compared to the unit orthogonal matrix case considered in Fig. 8 . The exponential constant suppression explains an almost constant decay length in the limit m lightest → 0. Also, because |R αi | 2 × m Σ is effectively independent of m Σ , the dependence of the decay length on m Σ is very weak.
We briefly comment on the decay length of Σ 0 for θ 1,2,3 = 0. For definiteness, let us consider x 1,2,3 = 0, y 1,2,3 = 2.5, and m Σ = 500 GeV. For these values, as we have discussed earlier, the total decay width of Σ ± is dominated by its decay to W ± , Z and h. Since the total decay width of Σ 0 and Σ ± to W ± , Z and h are identical with ∆M m Σ , the decay length of Σ 0 is the same as that in Fig. 8 . 
Displaced vertex signals at current/future colliders
In the following, we will examine the prospect of probing the type-III seesaw scenario at various current and planned collider experiments using disappearing track searches and displaced vertex searches.
Disappearing track searches for Σ ± at the LHC
As discussed before, radiative corrections generate mass-splitting between the charged (Σ ± ) and neutral (Σ 0 ) fermions with a mass difference of the order of pion mass. Hence, the heavier Σ ± can decay into Σ 0 emitting a soft pion. Since Σ 0 is a SM singlet and the soft pion is hard to reconstruct, Σ ± track disappears if it decays inside the detector. This is so-called disappearing track signal and the LHC experiments have yet to observe such a signal from particles beyond the SM [13] .
In the left panel of Fig. 10 , we show the production cross section for Σ ±,0 as a function of M Σ (red line) obtained in Fig. 4 , together with the upper bound on the production cross section of the charged fermions obtained from disappearing track search by CMS [11] . The production cross section of Σ 0 Σ ± (Σ ∓ Σ ± ) at the LHC is depicted by solid (dashed) blue curves. For different cτ values, the green (yellow) band in each of the plot are the current upper bound on the production cross section at 2(3)-σ confidence level.
In the right panel of Fig. 10 , we recast the prospect of a long-lived charged Higgsino search at the HL-LHC using its disppearing track signature. If we identify the charged (netural) component of Higgsino with Σ ± (Σ 0 ), the production mechanism for charged Higgsino in Ref. [45] is exactly the same as Σ ± in our case in Fig. 3 . In our analysis we have taken this into account that the production cross section of Higgsino is slightly different to our case. The red horizontal lines depicts the lifetime of a Σ ± i s as a function of m Σ . Here, we have considered NH case with a unit orthogonal matrix, and m lightest = 10 −3 eV. In the plot the lifetime of all Σ ± 1,2,3 very much overlap with each other. For the IH case, the ordering of lifetime for Σ ± i changes but its values is almost the same as the NH case, see, Fig. 8 . Figure 10 : The left panel shows the current limit on mass of Σ ± from the search for the signature of a disappearing track by CMS collaboration. The expected and observed 95% CL upper bounds on the product of the cross section of direct Σ ± production and branching fraction to Σ 0 π ± as a function of fermion triplet mass for fixed lifetime cτ = 10 cm. The direct Σ ± production cross section includes both Σ 0 Σ ± and Σ ± Σ ∓ production. In the right panel, we show the disappearing track search reach at the HL-LHC with 3000 fb −1 luminosity.
Σ 0 search at MATHUSLA
The recently, proposed MATHUSLA [31] is purposefully designed to detect long-lived particles produced at the LHC, and will be located ∼ 100 m at an angle θ = [0.38, 0.8] away from the LHC beam. Hence, it is ideally suited to detect long-lived particles with their decay lengths in the range of few hundred meters or even longer [46] . If the particle decays with final state charged leptons and/or jets, the event can be easily reconstructed because the background SM events will be almost zero.
We have earlier shown in Fig. 7 that the charge neutral Σ 0 particle can have decay length of O(100) m. In the following, we investigate a possibility of detecting Σ 0 at MATHUSLA. At LHC, Σ 0 is produced in two ways. One is from Σ ± production through a s-channel Z/γ in the left diagram of Fig. 3 , and the other is through s-channel W ± exchange process in the middle diagram of Fig. 3 . In the first case, one Σ 0 is directly produced while in the other Σ 0 is produced by Σ ± decay. The other particles produced from Σ ± decay are too soft and will not be considered in our analysis. Note that these processes are different from the resonant production of long-lived particles generally considered in the MATHUSLA studies. Since the MATHUSLA detector is very efficient in detecting long-lived particles, we will simply require that one Σ 0 particle produced at the LHC reaches the MATHUSLA detector and decays. In the following, we assume that the decaying Σ 0 particle can be detected with 100% efficiency by MATHUSLA because the SM backgrounds are negligible.
Let us assume that Σ 0 produced at the LHC is emitted at an angle of θ away from the LHC beam such that it decays after traveling a distance of D M . Hence, its decay length in the laboratory frame is given by
Here, the β is the boost factor for Σ 0 particle,
with a total momentum − → P tot = p T cosh η, where p T is Σ 0 's transverse momentum and η = −ln [tan(θ/2)] is its rapidity. Hence, the proper decay length cτ of the particle is given by To simulate the production of Σ 0 observed by MATHUSLA, we employ MadGraph5aMC @NLO [42, 43] and calculated the production cross section (σ) for the process. In the top left (right) panel of Fig. 11 , for m Σ = 200 (500) GeV, we show the cross section as a function of transverse momentum (p T ) of Σ 0 . Because of low background, let us require 25 events (N = 25) for a " Σ 0 discovery" by MATHUSLA. In the bottom left (right) panel of Fig. 11 , for m Σ = 200 (500) GeV, we show the luminosity (L = N/σ) required for such a discovery of Σ 0 as a function of its decay length, which we evaluated using Eq. Because the cross section decreases with increasing m Σ values, a heavier Σ 0 requires higher luminosity, for example, we find that m Σ = 1000 GeV requires L > 3000 fb −1 for any cτ values.
Σ ± search at LHeC and FCC-he
Let us now consider the displaced vertex signature arising from the charged fermion Σ ± decay at ep-colliders. Authors in Ref. [47] have studied such the prospect to detect charged Higgsinos at LHeC and FCC-he experiments. If we identify the charged (netural) component of Higgsino with Σ ± (Σ 0 ), the production mechanism for charged Higgsino is exactly the same as Σ ± in our case in Fig. 3 . However, there are two important differences between the two scenarios: the obvious one is the difference in the production cross sections of Higgsino and Σ, the other is the decay length. For the charged Higgsino, the mass-splitting between the charged and neutral Higgsinos, which determines the decay lengths is essentially a free parameter. For example, a decay length in the range of 10 −3 -10 cm, which is suitable for FCC-he and LHeC search, requires Higgsino mass-splitting in the range of 0.2-2 GeV [47] . As discussed in Sec. 3, if the orthogonal matrix is a unit matrix, Σ ± decay length is primarily determined by the mass-splitting between Σ ± and Σ 0 . However, the mass-splitting is very small, ∆M 0.1 GeV, for example cτ 4 cm for m Σ = 500 GeV, see, Fig. 8 . Meanwhile, if the orthogonal matrix O is allowed to be complex, Σ ± can have a decay length as small as 10 −3 cm (see, Fig. 9 ).
In Fig. 10 , we recast the prospect of a long-lived charged Higgsino search at the LHeC (top panel) and FCC-he (bottom panels) to our case. The corresponding luminosities are indicated in each plots. In each plots, the blue and green shaded regions indicate the parameter space where 10 (100) events with least one long-lived Σ ± is observed at the LHeC/FCC-he; the green shaded regions correspond to 2-σ exclusion sensitivity. In the bottom right plot, the red shaded regions 2-σ exclusion sensitivity if the backgrounds are harder to reject. The grey shaded region in all the plots have no significance to our case and the parameter region is still allowed. In our analysis, we have taken into account the difference between the production cross section of Higgsino and Σ.
In each plot of Fig. 12 , we also show the lifetime of Σ ± i as a function of m Σ for a fixed lightest neutrino mass, m lightest = 10 −3 eV. Here, for example, the red horizontal lines indicate the result for the NH case with a unit orthogonal matrix. In the figure, lifetimes of all Σ ± 1,2,3 very much overlap with each other. Meanwhile, the blue solid, dashed, and dotted line indicate the decay length of Σ ± 1,2,3 , respectively, using a complex orthogonal matrix with x 1,2,3 = 0 and y 1,2,3 = 2.5. Also, we show the 5-σ exclusion reach of HL-LHC obtained in the right panel of 
Summary
We have investigated the prospect of probing the type III seesaw neutrino mass generation mechanism at various collider experiments by searching for a disappearing track signature as well as a displaced vertex signature originating from the decay of SU (2) L triplet fermion Σ. Because Σ is primarily produced at colliders through their electroweak gauge interactions, its production rate is uniquely determined by its mass m Σ . The triplet fermion include one neutral component, Σ 0 , and two charged components, Σ ± . The type-III seesaw mechanism generates the observed neutrinos masses, which together with m Σ , determine the decay length of Σ 0,± . The charged fermion Σ ± with decay length of cτ = O(5) cm can decay emitting a soft pion and can be observed with a disappearing track search at the LHC and HL-LHC. Furthermore, their displaced vertex signature can also be observed by proposed colliders such as FCC-he and LHeC. For a certain choice of parameters, Σ ± can have a much shorter lifetime, cτ 10 −3 cm. Although such a small decay width is beyond the reach of disappearing track searches, they can still produce a displaced vertex signal which can be observed by FCC-he and LHeC. On the other hand, the decay length of Σ 0 associated with the lightest neutrino is inversely proportional to the lightest neutrino mass m lightest . As a result, with 10 −4 m lightest /eV 10 −3 its decay length can be much longer, 10 2 cτ /m 10 3 . This is ideal for the MATHUSLA detector. We have shown that Σ 0 particle with a mass of a few hundred GeV can easily produce sufficient number of decay events to be discovered by MATHUSLA. 
